We consider a gel as an immiscible mixture of polymer and solvent, and derive governing equations of the dynamics. They include the balance of mass and linear momentum of the individual components. The model allows to account for nonlinear elasticity, viscoelasticity, transport and diffusion. The total free energy of the system combines the elastic contribution of the polymer with the Flory-Huggins energy of mixing. The system is also formulated in terms of the center of mass velocity and the diffusive velocity, involving the total and the relative stresses. This allows for the identification of special regimes, such as the purely diffusive and the transport ones. We also obtain an equation for the rate of change of the total energy yielding decay for special choices of boundary conditions. The energy law motivates the Rayleghian variational approach discussed in the last part of the article.
Introduction
In this article we derive a model of the dynamics of gels from the point of view of the theory of mixtures. One goal is to compare the derivation method, assumptions and resulting equations with other models available in the literature, and determine their regimes of validity. The selection of constraints plays a main role in our development. The free energy of the model consists of the Flory-Huggins mixing energy together with an isotropic nonlinearly elastic contribution. The model accounts for viscoelastic behavior of the polymer yielding a fully nonlinear reversible stress on time-independent deformations. We also derive equations for distinctive regimes of gel behavior, namely, a purely diffusive case, and the case when only transport is present with no diffusion taking place. We list physically realistic boundary conditions that make the governing system mathematically well posed, and describe the free boundary evolution for special geometries. In particular, we find a condition for propagation of one-dimensional swelling interfaces in terms of the monotonicity of the stress-strain relation, and interpret the break-down of such a condition as the onset of de-swelling. We show that the Second Law of Thermodynamics yields an energy dissipation inequality for the total energy of the system. This inequality motives the definition of Rayleghian of the system that, in turn, yields a variational principle to derive governing equations. This is, in fact, the method employed by Yamaue and Doi in deriving the stress-diffusion coupling model ( [25] , [26] , [27] and [10] ). We assume that the gel is non-ionic, and neglect thermal effects [28] .
We postulate laws of balance of mass and linear momentum for a two-component system, solvent and elastic solid. The free energy is of the Flory-Huggins type with nonlinearly elastic and isotropic stored energy function ( [11] , [1] , [18] and [19] ). We include action-reaction forces between polymer and solvent particles acting as friction forces. We postulate the Second Law of Thermodynamics in the form of the ClausiusDuhem inequality, accounting for the appropriate constraints. This yields information on the form of the constitutive equations, in particular, the dependence of the reversible components of the stress on derivatives of the free energy, the friction forces as depending on the relative velocity, and the residual inequality to be satisfied by the dissipative part of the stress.
The polymer and solvent in the gel form an immiscible mixture since the FloryHuggins free energy depends explicitly on volume fractions. We recall that a mixture is miscible if the corresponding equations do not allow to distinguish between components, that is, they are independent of volume fractions [24] . Another characterization of mixture is in terms of the compressibility of its components, which is formulated in Cauchy contribution together with osmotic pressure coming from the mixing energy. The stress tensor of the fluid involves the corresponding osmotic pressure; in addition, both stress tensor involve the hydrostatic pressure due to the saturation constraint. In section 4, we study the energy decay of the system. The formulation of the viscoelastic stress of the polymer is presented in section 5. We formulate the Kaye-BKZ model for gels since it yields the (elastic-osmotic) relaxation stress at the equilibrium limit.
The balance laws for the components of the mixture yield a system of equations for the gel, as presented in section 6. Specifically, they give equations of balance of linear momentum of the center of mass velocity V, and the relative velocity U, together with one of the equations of conservation of mass. Whereas reference to individual components may be avoided in dealing with bulk phenomena, their separate roles reemerge on the boundary, with either the solvent component or the solid one becoming relevant, according to the boundary conditions.
From the governing system, we obtain equations for special regimes. One of the regimes is purely diffusive, with no net transport taking place, such as the case of swelling of a gel in its own solvent. A system with only transport and no diffusion also results from the equations. For instance, a gel subject to a shearing flow and with non-permeable boundary. The mixture behaves as a single material with elastic and viscous properties. The problem becomes mathematically analogous to viscoelastic flow models analyzed in [15] .
In the one-dimensional geometry corresponding to a strip domain, and neglecting viscous stress (by a scaling argument, this corresponds to addressing the early dynamics, rather than the better understood relaxation regimes), the system is of hyperbolic type with a dissipative source term depending on the diffusive velocity. The extensional stress is given by the function G(φ); the problem is mathematically well-posed provided G is monotonically decreasing (increasing when regarded as a function of the elastic deformation). In particular, this guarantees the propagation of the swelling interface separating gel from pure solvent [6] . We find that the monotonicity property of the stress holds for the polymer data, whereas loss of monotonicity occurs in polysaccharide. Specifically, we found an interval of volume fraction in a high swelling regime, where the stress changes monotonicity. This may suggest the onset of de-swelling or a volume phase transition taking place. The weak elasticity is responsible for the lose of monotonicity of the stress. From a related point of view, the study of the early dynamics of a dry polymer slab as it comes into contact with its own solvent, shows that type II diffusion is a hyperbolic phenomena, rather than a diffusion process as its name would otherwise indicate ( [6] , [23] ).
In the last part of section 6, we explain how the model that we derive relates to the quasi-static Stress-diffusion coupling model presented by Yamaue and Doi, and analyzed in some of their articles ( [25] , [26] and [27] ). Omitting mass inertia terms and the FloryHuggins contribution to the energy yields the latter; in their applications, they further take the linear version of the model with equations that include the elastic equilibrium equation of the gel and Darcy's law for the solvent. This generalizes earlier work by Tanaka and Filmore [22] based on the elasticity equation. The stress-diffusion coupling model, in turn, results from modeling work by Doi [9] based on a variational principle for the Rayleghian. We conclude the section illustrating such a derivation in the case that the functional includes the constraint of the model and the mixing energy. Although both approaches lead to the same system of equations, one advantage of the method
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based on the Second Law of Thermodynamics is that it readily gives the constitutive equations of the reversible regime.
Balance of mass, transport equations and constraints
We assume that the components of the gel occupy domains Ω a ⊂ R 3 , a = 1, 2 in the reference (Lagrangian) configuration, with α representing the reference volume fraction of polymer. Here the sub-indices 1 and 2 refer to polymer and solvent, respectively. The Lagrangian domains Ω a , a = 1, 2 may be distinct, since the polymer and fluid occupy different locations in space, previous to mixing. However, both components share a common domain, Ω, in the Eulerian representation of the gel. The variables X ∈ Ω a and x ∈ Ω represent Lagrangian and Eulerian coordinates, respectively. The deformation maps of polymer and solvent are given by sufficiently smooth invertible functions
with F = ∇ X M (X, t) denoting the gradient of deformation of the polymer. The material velocities of polymer and solvent, respectively,
The corresponding velocity fields are
We let T 1 (x, t) and T 2 (x, t) denote Cauchy stress tensors. Each one includes elastic and dissipative contributions. We also take into account friction forces f a per unit volume that the polymer exerts upon the fluid, and vice-verse.
Governing equations for a mixture of incompressible solvent and compressible polymer
According to the theory of mixtures, polymer and solvent particles may occupy the same location, with volume fractions φ 1 (x, t), φ 2 (x, t), respectively. We also assume that no other material is present in the region, so
holds. We let ρ 1 and ρ 2 denote the mass densities of the components per unit volume in space. These are related to the true or intrinsic densities ( mass of component volume of component ), γ 1 and γ 2 as follows:
The volume fractions φ 1 and φ 2 are independent fields of the constitutive equations postulated later, and consequently, the mixture is immiscible [24] . The local forms of the laws of balance of mass and linear momentum in Eulerian coordinates are given by
The independent fields of the problem are
and f 2 will be given in terms of the former). We observe that the previous system together with (4) is not sufficient to determine all the independent variables since one additional scalar equation is needed. Therefore, one closure condition should be added to the system to make it well-posed. There is no general physical law dictating such a condition and, in some cases, the criterion is to recover well known phenomenological relations of the theory. For instance, this is the case of Law's equation in porous media [17] , [2] and [3] . Another choice found in the literature is to require that the total equilibrium stress is zero which leads to a relation between the pressure part of the stress tensors. The resulting equations which hold at equilibrium only justify the validity of the linear theory. In our case, it is reasonable to assume that the solvent is incompressible, leading to the relation γ 2 = 1. (For simplicity, we take the constant intrinsic density to be 1), and consequently, the system (4)- (8) is well posed. Note that in such a case, the governing system does not involve any Lagrange multipliers. This is indeed the case of compressible elasticity, and it is consistent with the fact that γ 1 is allowed to be free. On the other hand, it does not correspond to the gel models by Doi and Yamaue in which the Lagrange multiplier plays a prominent role. We argue that the additional constraint of polymer incompressibility is at play. We distinguish two cases according to this observation.
The balance laws in the case of incompressible solvent and compressible polymer consist of (4)-(8) but replacing ρ 2 with φ 2 in (6) The constitutive equations for T i and { i , i = 1, 2, depend on the fields {ρ 1 , φ 1 , φ 2 , v 1 , v 2 }. Moreover, using equation (4) to eliminate φ 2 , we are left with a governing system for the variables {ρ 1 , φ 1 , v 1 , v 2 } consisting of (5)- (8) with equation (6) replaced with
The assumption of polymer compressibility may be justified in the following situations:
1. Experiments involving volume transitions in gels suggest a highly compressible regime near the critical volume fraction φ c where the first order transition takes place. The transition from a swollen regime to a collapsed one (or viceversa) may involve a significant expansion (or compression) of the polymer.
2. Incompressibility is itself an ideal property; indeed, it may be more realistic to think of the polymer as being almost incompressible. The incompressible regime arises then as a limit of almost incompressible ones. This is a condition that we will formulate in terms of the free energy.
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Away from the phase transition, we may then consider the polymer as being incompressible with compressibility manifesting itself at the transition volume fraction.
Governing equations for a mixture of incompressible solvent and polymer
For simplicity, we take γ 1 = γ 2 = 1. In this case, the densities and volume fractions coincide, and hereforth we will only refer to the latter,
We point out that incompressibility of mixture components allows for deformations with Jacobian different than one. Indeed, changes in density of one component occur by changes of volume fraction. In particular, an extension of the polymer network that decreases the volume fraction φ 1 may occur at the expense of increasing the volume fraction φ 2 .
The local forms of the laws of balance of mass and linear momentum in Eulerian coordinates are
where ∇ ≡ ∇ x refers to gradient with respect to the Eulerian variables. The kinematic compatibility condition between the time derivative of the deformation gradient and the velocity gradient results from the chain rule:
The Lagrangian form of the equation of balance of mass of the polymer component is
where 0 ≤ α ≤ 1 denotes the volume fraction of polymer in the reference configuration. We assume that it is satisfied for all parts of the body Ω 0 , yielding the local constraint
The latter relation is equivalent to equation (12) . Defining the center of mass velocity
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it follows that addition of equations (12) and (13), taking (4) into account yield
This suggests formulating the governing system as consisting of equations (4), (14), (15) and one of the following additional sets:
• equations (12) and (13),
• equations (12) and (19), or (13) and (19),
• equations (17) and (19) .
Remark. A special case of mathematical interest arises by adding an additional constraint to the system, that is, requiring that the fluid component can only experience isochoric deformations,
It is easy to see that in one-dimensional geometry, the only change in volume fraction resulting from such dynamics is a purely hyperbolic, in the sense that the initial volume fraction profile travels through the domain undisturbed. However, in two and three dimensional geometries, it may still allow for non-trivial swelling dynamics. It is also an appropriate model of how rheological properties of the polymer depend on the amount of solvent held by the polymer. The previous set of equations do not yet fully determine the system, since constitutive equations and additional kinematic relations need to be prescribed.
We now formulate the balance of energy. Letting ε a , a = 1, 2 denote component internal energy densities, we write the equation of balance of energy
Hereε a (x, t) represent the internal energy rate production in each component, q a , a = 1, 2 the heat flux vectors and r a radiation terms. The friction forces and the internal production rate quantities are required to satisfy
The free energy density and the entropy densities of the mixture, respectively, can be written in terms of their components as follows:
Moreover, we will make use of the relations
defining the free energy density ψ a of the components in terms of the corresponding internal energy ε a and entropy η a ; T a denotes absolute temperature. The free energy Ψ
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of the system accounts for the Flory-Huggins and elastic contributions given in the next subsection.
Remark. It may seem more reasonable to directly postulate Ψ rather than appealing to components ψ a , a = 1, 2 as in (24), and likewise for the entropy of the system. For a justification of our approach, we refer to [12] .
Expressions of the component free energies [12] that yield (47) are
Thermodynamics and constitutive equations
We now postulate the second law of thermodynamics for the mixture,
Substituting (26) into (29) and the balance of energy [21] , we get
From now on, we will neglect thermal effects and consider isothermal regimes only, so that the previous inequality expresses mechanical dissipation,
We now reformulate the entropy inequality when the fields satisfy the constraint (19) . The following relations, based on the chain-rule, will be used in simplifying the entropy inequality:
Let p denote the Lagrange multiplier associated with constraint (19) . We argue that the dissipation inequality should hold for those processes such that the constraints are approximately satisfied,
Using (32), the latter can be written as follows
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Requiring the inequality to be satisfied for all choices F,Ḟ , φ 1 , φ 2 , v 1 − v 2 , ∇v 2 yields the forms of T a , of the reversible contributions to the stress tensor,
where
denote the mixing components of the osmotic pressure. Substituting (35) and (36) into (34), the residual inequality for f a , and the dissipative parts T d 1 and T d 2 of the stress tensors follows:
Using once more the arbitrariness in the choice ofḞ and ∇v 2 , (v 1 − v 2 ), we get
In order for the previous inequality to hold, we take
where β = β(φ 1 , φ 2 ) > 0 is related to the diffusion coefficient in Darcy's law as shown later. Using (40), inequality (39) finally yields,
Remark. In viscoelastic gels, the stress T 1 depends on the past history of the deformation gradient. In such cases, the reversible stress component corresponds to the relaxation limit of of T 1 , with the dissipative component, being the difference between the total stress and its relaxation limit.
Remark. For the mixture with incompressible solvent and compressible polymer, the equations for the equilibrium part of the stress tensor are given by
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3 Elastic and mixing energies.
The assumption that the free energy W (F ) is isotropic implies that
Combining the elastic free energy of the polymer and Flory-Huggins energy of the mixture gives the total free energy (24) of the mixture
We will consider neo-Heokean elasticity so that
The parameters of the previous equations correspond to the following:
• V m is the volume occupied by one monomer;
• K B is the Boltzmann constant, and T is the absolute temperature;
• N 1 , N 2 denote the number of lattice sites occupied by the polymer and the solvent, respectively.
• N x is the number of monomers between entanglement points;
• χ is the Flory interaction parameter;
• β is the polymer drag coefficient;
• µ is a scaling parameter related to the shear modulus.
Parameter values appropriate to semi-dry polymers [4] are given next. (51)
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We conclude this subsection by calculating the expressions of the stress tensor.
where adjF denotes the adjoint of F . Moreover,
We point out that the terms multiplying the identity matrix are elastic contributions to the osmotic pressure, which we denote
where π i denote the mixing contributions to the osmotic pressure (37) and (38). Using the calculation (52) in equations (35) and (36), we obtain the equilibrium stresses when the polymer is a neo-Heokean solid:
We conclude this subsection with the expression of the stress tensors when the elastic stored energy function of the polymer is as in (48). A calculation as in [19] gives
Remark.
We observe that substituting equations (4) and (17) into (54) and (55) allows us to obtain a fully mechanical form of the stresses, with dependence on gradient of deformation and its invariants, and on the Lagrange multipliers.
Notation. The extra stresses σ 1 and σ 2 denote the constitutive contributions in the total stress components, T 1 and T 2 , respectively, that is
Energy Dissipation
We now show that the rate of change of the total energy is bounded above by the work per unit time done by the boundary forces (i.e., the power of the forces acting on the boundary of the domain occupied by the gel).
Let Ω(t) ⊂ R 3 denote the region occupied by the gel at time t. Let ν represent the unit outer normal to the boundary, ∂Ω(t).
Suppose that v 1 (x, t), v 2 (x, t), φ 1 (x, t), φ 2 (x, t) and p(x, t) is a smooth solution of the governing equations (12), (13) , (14), (15), (35), (36), (24) and (4) for prescribed initial and boundary conditions. Then the following inequality holds:
where t 1 = T 1 ν and t 2 = T 2 ν and ν denotes normal to the boundary. To derive the previous inequality, we carry out the dot product of equations (14) and (15) by v 1 and v 2 , respectively, add up the two equations and integrate the resulting expression on Ω:
Application of the divergence theorem to the terms involving T gives
Equivalently,
Applying inequality (33) to the previous equation yields
By the transport theorem, the previous inequality becomes
giving (59) by taking into account (24).
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We assume that the dissipation of the gel stems mostly from the viscosity of the polymer, with the solvent contribution taken to be Newtonian. We now focus on modeling the dissipative stress of the polymer. In the case of steady flow and small strain rate, Newtonian behavior is recovered, and the dissipative and total stress expressions are, then
with
Likewise, for a viscous solvent, we write
In general η 0 >> η 1 > 0 holds. Increasing the strain rate to achieve a weak departure from Newtonian behavior yields a higher order of approximation of the stress
withḊ denoting material time derivative, and > 0 small. If multiple relaxation times are present, it is then appropriate to assume that the dissipative stress depends on the past history of the deformation. There are many models in the literature appropriate to specific regimes and materials, solids and fluids. Applications to viscoelastic solids in comparison to fluids, involve the additional issue of how to accurately account for, both, viscous and elastic properties. Two criteria that must be satisfied by the chosen model are:
• the viscoelastic stress yields the correct instantaneous elastic response when the deformation experiences a discontinuity in time,
• the elastic relaxation response is recovered, that is, when the deformation history is set constant, the viscoelastic stress reduces to the reversible contribution.
For this, we propose a viscoelastic constitutive equation based on the Kaye-BKZ model ( [13] , page 75), ([18] , page 158). Such a model is based on postulating a functional of the form w(x, t) =ŵ(I 1 , I 2 , I 3 , t − t ), I i = I i (x, t), t > t , and define
with π 1 as in (37). Here
B(t, t ) = F (t, t )F T (t, t ), and F (t, t ) = ∂M(X, t) ∂M(X, t ) ,
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with x = M(X, t) as in (1).
Remark. The Kaye-BKZ model is often formulated for incompressible materials and involving the tensor C = F T F instead of B.
The dependence on past history enters through the energy functional w. In applications, the assumption of factorability is often made, that is,
where m(.) ≥ 0 and m (.) < 0 and w is the elastic stored energy function. In the case that the elasticity is neo-Heokean (49), and (66) holds, the stress in (65) reduces to
The viscoelastic relation in (67) is known as the Lodge model.
Governing equations of gels
We derive equations for the mixture from those for the individual components. The fields of the gel consist of {V, U, T , φ 2 , p},
where V denotes the previously defined center of mass velocity, and U = v 1 − v 2 represents the diffusion velocity. The total stress
where T i include the reversible and dissipative contributions to the stress. The first two of the equations shown below follows by adding and subtracting, respectively, the equations of balance of linear momentum of the components (in the latter case, we first divide the individual equations by φ 1 and φ 2 , respectively). The third equation is a form of the chain rule. The last equation is a consequence of (19) . In addition, one of the three equations, (12), (13) or (17) has to be satisfied as well. We summarize these equations as follows,
We note that the first equation gives the balance of linear momentum for the mixture, with T denoting the total stress. The second equation governing the evolution of the
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diffusive velocity U describes the microstructure of the system. These set of equations should be supplemented with initial and boundary conditions. We now give the expressions of the stress tensors for the Newtonian and viscoelastic cases, respectively.
Newtonian stress tensors.
The equations for the stress tensors of the system in the case that, both, polymer and solvent admit Newtonian dissipation are
The total stress now gives
2. Viscoelastic stress tensors.
In the case that the polymer response is viscoelastic with stress tensor as in (65), the total stress tensor, assuming Newtonian solvent with stress T 2 as in (74), is given by
Special regimes
Two distinctive regimes emerge according to the following observations.
Purely diffusive regime
If V(x, t) = 0 at t=0, and also V(x, t) = 0 for x ∈ Ω, t > 0, then there is a solution to the equations satisfying V = 0 for all time. In fact, setting V = 0 in equation (68), we obtain a first order equation for p that can be solved by direct integration in terms of the remaining fields of the problem. The resulting problem involving the independent fields {U, φ 1 , F } is formulated as follows:
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and either one of the balance laws (12), (13) or (17) . Diffusion equation. A special case of the former results when the inertia terms in (77) are neglected, giving
A simple calculation shows that in the case V = 0, then v 1 = (1−φ 1 )U which substituted into equation (12) allows us to write it as
Substitution of U from (79) into the latter yields
We point out that the right hand side of the previous equation contains a term of the form ∇ · (β −1 κ(φ 1 , F, ∇U)∇φ 1 ) (here the dependence on ∇U holds for the special case that the polymer dissipative stress is Newtonian). Moreover, if one could further assert that the coefficient multiplying φ 1 in such a term is positive, that is κ > 0 then it would follow that (80) is a (nonlinear) diffusion equation for φ 1 . This is a model widely used in the studies of gels and known as the diffusion model. The quantity β −1 corresponds to the diffusion constant D used in characterization of gels [4] . The inequality κ > 0 Figure 1 : Graphs of G(φ) and G (φ) for polymer data: a = .0001, b = 1, c = .2, µ 0 = .5 * 10 5 .
in general does not follow from thermodynamics. We appeal to the one-dimensional
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geometry to interpret such an inequality. The governing system (12) and (77) in the interval (−1, 1) in the one-dimensional geometry reduces to [6] 
where U = (U (x, t), 0, 0), φ 1 = φ 1 (x, t) and
The analog to (79) obtained from (82) and its substitution into (81) yield
The function G(φ) represents the extensional stress in terms of the polymer volume fraction. Equation (84) has a solution provided G (φ 1 ) < 0 holds. This monotonicity condition holds for the polymer data shown in section 3. However, in the case of polysaccharides, there is a critical value φ c = φ c (µ), 0 < φ c < 1 such that G (φ c ) = 0. Moreover, the value φ c corresponds to a critical point of the volume phase transition between swollen and collapsed states [14] . Such properties are illustrated by the graphs of G(φ 1 ) and G (φ 1 ). The graphs in figure 1 correspond to polymer data with µ = 2 * 10 6 pN nm 2 , whereas those in figure 2 are for polysaccharide data with µ = 2 * 10 −5 pN nm 2 . We observe the change of sign of G (φ 1 ) in the latter case. Later in this section, we will discuss the monotonicity condition from the dynamics point of view. 6-18
Transport regime
On the other hand, if U = 0 initially and on the boundary for all time, then the system becomes that of an incompressible viscoelastic fluid for the fields {V, p, φ 1 , F }, with no diffusion present,
together with equations (19) and (17).
Initial and boundary conditions
On the boundary of the gel region, it is relevant to distinguish again between solid and solvent components of the material. We will present different types of boundary conditions motivated by applications. First of all, two main classes emerge according to whether the boundary is free, fixed or a combination of both types. For the sake of this presentation, we will assume that both, polymer has Newtonian stress and the solvent is inviscid (that is, η 1 = 0 in (63)). The governing system reduces then to equations (14), (15), (19), (17) and (16), together with constitutive equations (56), (57), (55), (40), (61), (37), (38), (53). The unknown fields of the problem are {v 1 , v 2 , F, p}. The governing system in the current domain Ω reduces tȯ
To recover the deformation map of the polymer x = x(X, t), it is necessary to further solve the first order system
in the reference domain Ω 0 .
Gel confined to a given domain Ω.
This corresponds to the case that the polymer is chemically glued to the boundary ∂Ω. This corresponds to requiring
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Another boundary condition is needed to characterize the degree of permeability of the membrane. Following Yamaue and Doi [25] , [26] , [27] , (citeDOI04, we distinguish three type of membrane boundaries:
p(x, t) + Π 2 (x, t) = P, fully permeable membrane (92)
where P denotes the pressure of the external solvent, κ is a permeability constant, and n is the unit normal vector to ∂Ω. This type of boundary condition occurs in applications to body implantable biomedical devices where the polymer is glued to its support but the surface allows for penetrability of solvent. Since the polymer boundary is maintained fixed a build-up of stress occurs near the contact surface causing eventual failure of the device. The amount of normal stress acting on the boundary is that measured in the experiment by Suzuki and Hara [21] where the gel is confined between two circular disks with the bottom one maintained fixed and the top one allowed to move in order to relax the stress [25] . Initial data should be prescribed as well
In addition, we take the reference configuration to be Ω in which case F = I at t = 0, allowing for integration of (87).
Gel subject to prescribed boundary force.
Let us consider a gel with deformable boundary subject to a prescribed force. For instance, this is the case of the gel immersed in its own solvent subject to a constant pressure P . In addition to one of the three boundary conditions (92), (93) or (91) being prescribed, the boundary condition (90) is now replaced with
where σ 1 and σ 2 are defined by (58). In the case that the membrane is permeable, combining (92) with (95) to eliminate p gives the relation
This relation involves the volume fraction at the interface. In order to study the motion of the free boundary with arbitrary geometry, it is necessary to employ the phase field or the level surface methods. For two special domains, one can directly supplement the previous boundary conditions with equations of evolution of the free boundary.
One-dimensional slab. We consider a gel initially confined in the strip |x| < 1. Let x = S(t) denote the location of the point initially at x = 1 (by symmetry, x = −S(t) describes the evolution of the left boundary). We assume that at time t = 0, the polymer enters into contact with its own solvent, initially located at |x| > 1. The evolution of the gel in the strip |x| ≤ S(t) is given by equations (81) and (82 for {φ 1 , U }, subject to initial and boundary conditions described next. The evolution equation of the interface between gel and pure solvent is given by
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Assuming that boundary conditions (95) and (92) hold, then (96) gives an equation for φ 1 on the boundary x = S(t). The value of φ * that solves the equation is known as saturation volume fraction. We point out that such a value is only meaningful in onedimensional geometries since then F and its determinant, det F coincide. Moreover, one can then use the balance of mass relation φ 1 det F = α to fully determine φ 1 at the boundary from (96). This problem is analyzed in ([6] ).
In particular, we find that the system is hyperbolic provided that the inequality G (φ 1 ) < 0 holds. This guarantees the propagation of the interface. As previously stated, such a condition holds for the polymer data shown in section 3, and it can be interpreted as follows. A (dry) polymer slab brought into contact with its own solvent at the initial time, will keep swelling, with the speed of the interface decreasing with time. However, in the case of polysaccharides, there is a critical value φ c = φ c (µ), 0 < φ c < 1 such that G (φ c ) = 0; if φ * > φ c , the interface will evolve, and the gel will continue swelling until φ 1 reaches the critical value. The analysis suggests that φ c may indicate the onset of de-swelling.
Spherical domain. In the case of a spherical domain (97) is represented by
where R > 0 denotes the initial radius of the spherical gel region, and v 1 represents the radial polymer velocity [6] . This case may be appropriate to the study of drug release devices.
The stress-diffusion coupling model
In this section, we present the quasi-static version of the previously developed model under a special choice of the free energy. This leads to the stress-diffusion coupling model proposed by Yamaue and Doi [26] . The assumption of no voids present in the material yields (72). Neglecting the FloryHuggins energy in (24) , assuming the latter in the form of Ψ = φ 1 µtr (F T F ), the stress tensors in I (35) and (36), become
The corresponding system of balance laws of linear momentum is
Now, let us consider the equations of the steady state obtained by neglecting acceleration terms, that is, setting 
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Since f 1 = p∇φ 1 − β(v 1 − v 2 ) (40), and f 1 + f 2 = 0, the former become
and upon adding them, we obtain
is the Piola-Kirchhoff stress tensor. Taking into account the balance of mass equation φ 1 detF = 1, we can rewrite (103) into
So, the corresponding stress tensor is given by the equation
Summarizing, the resulting governing system is
We observe that this system governs quasi-static regimes, with (102) corresponding to Darcy's law.
Energy time rate and the Rayleghian
Let us consider the two-component formulation given at the beginning of the article.
Here we assume that only the laws of balance of mass hold and the constraint (4) hold. The goal is to provide an alternate derivation of the equations. Let us define the Rayleghian functional
The quantity W (t) represents the power dissipated by the friction forces plus the that by the boundary forces. In addition, we have accounted for the fact that variations on
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R(t) have to be carried out under the constraint ∇·(φ 1 v 1 +φ 2 v 2 ) = 0, and consequently, the power associated with maintaining the constraint is included. Let us compute the time derivative of the total energy.
where we have used (12) and (71). Using the definition of stress tensor,
Integrating and applying the divergence theorem, we get
Also,
Taking the previous calculations into account, we write
We now apply that variational principle of minimizing the Rayleghian with respect to v 1 and v 2 giving φ 1v1 − ∇ · σ + ∇π 1 + φ 1 ∇p = β(v 1 − v 2 ) φ 2v2 + ∇π 2 + φ 2 ∇p = −β(v 1 − v 2 ).
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We point out that the terms of the left hand side of the previous equations involving stress do not appear as perfect divergence. However adding the term φ 1 ∇p to both sides of the first equation, and likewise, the term φ 2 ∇ to the second one give φ 1v1 − ∇ · σ + ∇π 1 + ∇(φ 1 p) = β(v 1 − v 2 ) + φ 1 ∇p φ 2v2 + ∇π 2 + ∇(φ 2 p) = −β(v 1 − v 2 ) + φ 2 ∇p
These now agree with the equations of balance of linear momentum with the stress and forcing terms obtained by imposing the Second Law of Thermodynamics.
Conclusions
We have derived a model of gel dynamics using the approach from mixture theory for a two-component system, polymer and solvent. The model allows for nonlinear elasticity, viscoelasticity, transport and diffusion. The governing equations consist of balance of mass and linear momentum for the individual components; the system is also formulated in terms of the center of mass velocity and the diffusive velocity, involving the total and the relative stresses. This allows for the identification of special regimes, such as purely the diffusive and purely transport ones. The total free energy of the system combines the elastic contribution of the polymer with the Flory-Huggins energy of mixing. We also obtain an equation for the rate of change of the total energy yielding decay for special choices of boundary conditions. We appeal to the one-dimensional strip geometry to study special features of the dynamics. We focus on the early dynamics in contrast to the better understood relaxation studies; an scaling argument suggests that such a regime is well represented by the polymer-solvent friction. We find that the condition of propagation of the swelling interface, between the gel and the surrounding solvent, reduces to the monotonicity of the extensional stress (that is, the derivative of the stress as a function of the polymer volume fraction is negative, and it is positive with respect to the strain). Swelling in the case of the monotonic stress behavior, once started and with no other external effects, will continue up to the rest state. On the other hand, loss of monotonicity at some critical volume fraction hinders the swelling process. Indeed, we observed the monotonicity behavior in a linear entangled polymer, whereas we found loss of monotonicity in a polysaccharide. Specifically, we found an interval of volume fraction in a high swelling regime, where the stress changes monotonicity. This may suggest the onset of de-swelling or a volume phase transition taking place. The weak elasticity is responsible for the lose of monotonicity of the stress.
In the last part of the article, we carried out a comparison with other methods of derivation and models found in the literature, especially the stress-diffusion coupling model by Yamaue and Doi [26] . The latter emerged from earlier work by Doi and coauthors where the Rayleghian variational method was employed. We point out that derivations based on the Second Law of Thermodynamics, perhaps more complicated in development, have the advantage of determining the reversible contributions to the constitutive equations.
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